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Abstract, A hierarchical neural network model, presented in an earlier paper, is analysed
using a renormalization group (RG) approach. The RG method puts many of the previously
found empirical results on a firm theoretical foundation. The functional dependence of
the propagation of errors from one level of the hierarchical tree to the next is derived and
is shown to exhibit a phase transition. When the probability of entering errors at a given
level exceeds some critical value, the error propagation is unbounded and will extend
ihroughoui the entire network, whereas below the critical vaiue, the etrors remain localized.
This result along with individual cluster updating data is used to explain the content-
addressability properties of the model.

1. Imntroduction

In an earlier paper [1], a hierarchical model was presented that was capable of storing
and retrieving an exponential number of stored states. The model, with origins from
an earlier one proposed by Dotsenko [2], is formulated on a spin-glass analogy, with
its spins organized into a multi-tier cluster hierarchy such that for an N-spin network,
the number of stored states is exponential in N. The network’s ability to store an
exponential number of states does not violate information capacity theorems [3]
because the stales are uxsluy uuu\-lau-d, uupl:\'lﬂs alow Lufuuuauuu content per state.
Because of the large number of stored states, it is important to understand not only
the networlk’s ability to content-address its stored memory patterns but how these states
are retrieved. Empirical results from simulation experiments gave partial clues to the
recall process but a firm theoretical foundation remained to be found, The purpose of
this paper is to take steps toward establishing a theoretical base through the application

of renormalization group {(re) methods [4, 5],

The rRG approach can be used because of the hierarchical model’s inherent scale
invariant properties. In general, systems possessing scale invariance are often found
to exhibit critical behaviour [4, 5]. For the hierarchical medel, this is indeed the case
when we consider how errors propagate throughout the network. As will be shown,
when the probability of entering errors at the base of the hierarchical tree exceeds
some critical value, the errors no longer remain locally contained, but instead propagate
up and invade the entire network. The static problem of the propagation of errors,
when coupled with the recall probability of stored patterns for individual clusters, can
be used to predict the content-addressability of network patterns involving all N spins,
The method can satisfacterily explain the empirical content-addressability simulation

results presented previously for the hierarchical model [1].
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The paper begins with a brief review of the hierarchical model with emphasis on
its construction using a renormalization approach. Next, we establish a method for
determining how far errors, when entered at the base of the tree, will propagate
upwards. For the static case, which does not involve updating, the spread of errors
- displays critical behaviour having a critical exponent which is then calculated. After
explicitly including updating resuits from a single cluster, we then show how the rG
approach allows one to predict, assuming a nearest-neighbour approximation, the
global pattern recall properties of the network. We conclude by comparing simulation
data with theoretical predictions and then discuss the results.

2. The model

The model presented here is based on the hierarchical model introduced in [1]. In the
present model the branching size k, however, is kept fixed to simplify the discussion,
although the extension to arbitrary branching at each level is straightforward. The
construction of the tree begins with a starting cluster or replication cell having k
binary-state neurons, which we shall call spins, s, where, i=1,2,..., k and can only
assume the values £1. Coupling the k spins is a square storage matrix J; storing p,
k-spin vector states {s{""}, r=1,2, ..., p according to the usual Hebbian rule [6],

r
Jy=Y stV i#j (2.1)

r=

with J; defined to be zero when i =j. Through (2.1) the matrix J; contains a total of

Ll — 1) nraoorammed entriec althonoh onlv half of these are indenendent hecanse of
gl —1) programmed entries, although only hall of these are ingependent because of

the symmetry under interchange of i and j. In addition, each of the stored cluster states
are constrained to having a specified magnetization M given by

M= i 5. (2.2)

i=1

Spins within a cluster are chosen at random and updated according to
k
s,-(t+1)=sgn(z J,-,-sj(t)). (2.3)
=1

If 5,(z+1) evaluates to zero, our convention is to leave the spin unchanged. The cluster,
therefore functions like a Hopfield [7] net comprised of k spins and storing p,
k-dimensional vector states having magnetization M.

Now consider a hierarchical tree network, of which the first two levels are shown
in figure 1. The nth topmost node and its branches, represent a cluster having k effective
spins, also denoted by s, which are computed from the normalized magnetizations
belonging to the states of k clusters that form the set of nodes and branches at the

next lower n—1 level of the tree. That is
M;
5=
| M|

defines the effective spins, where the i index above, now refers to one of the k clusters
at the n—1 level. Therefore, at each subsequent level one simply treats the spins
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Figure 1. Graphical depiction of the first two levels of a hierarchical tree showing the nth
topmeost cluster and &, n—1 level clusters. Ellipses denote spins or clusters not explicitly
shown,

belonging to a given cluster as effective spins which are computed from the normalized
magnetizations belonging to the set of clusters occupying the next level down. The
tree ends after reaching the first level or bottom, where the spins are now the actual
network spins of the model.

All clusters regardless of their level in the tree are updated according to (2.3}, with
the cluster coupling matrices defined using (2.1), keeping in mind that the s; represent
effective spins unless we are at the bottom branch end points of the tree, where they
represent network spins. To avoid notational clutter, we will not add special cluster
identifying labels to each of the J; matrices or effective spins unless necessary.,

Note that even though the spins are renormalized at each level as we advance from
one level up to the next, the coupling matrices, however, are not rescaled proportionately
to those occupying the previous level. Instead, each coupling matrix is programmed
independently using (2.1). Updating any given cluster can be performed independent
of the clusters, from which its effective spins are computed, because the symmetry
{under ie>j) of the cluster coupling matrix allows for either sign of the cluster state
magnetization, hence, the cluster effective spins can take on any value desired.

We should emphasize that the RG formalism has not been introduced for the purpose
of reducing the dimensionality of the network. The intention is to show how the levels
are inter-dependent on one another and as will be clear later, explain how errors
propagate throughout the network.

To compute the number of stored network states, observe that for a two-level tree,
there are a total of N = k? spins comprising a given network state. These spins form
the bottom branch end points (first level) of the tree. There are k clusters at the first
level and one cluster at the second and therefore two levels capable of storing
information, so if each cluster stores p states, the total number of network states stored
by a two-level model is p- p*=p**'. Generalizing to an n-level tree having N = k"
spins and using the geometric progression, the total number of stored states, denoted
by N, is then

N, = ptN =/, (2.4)

Note the distinction between network states and cluster states: the former involves ail
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N spins of the network, whereas the latter involves only k spins belonging to a particular
cluster.

The superscript factor (N —1)/(k 1) in (2.4) is the total number of clusters present
in the network. Multiplying this factor by the number of programmed J; matrix elements
stored per cluster gives k- (N —1) for the total number in the hierarchical network
which is less than that of a standard Hopfield model with N spins whose J; contains
N x{N —1) programmed entries. This suggests that in spite of the greater number of
stored states, the hierarchical model actually stores less information than a standard
Hopfield model with an equivalent number of spins. The information content per
stored state is low because the states are highly correlated. Moreover, these correlated
states can be embedded within an ultrametric topalogy. This aspect as well as a rigorous
calculation of the information capacity has already been covered in reference [1].

Starting from an arbitrary initial configuration of spins, updating the network can
proceed several ways, of which only one will be mentioned here. The following method
is somewhat easier to implement than the one used in our earlier paper {1]. The
procedure used for all our numerical simulations began by randomly selecting and
then updating from ¢ to ¢+ 1 each of the effective spins s, (1) belonging to the topmost
(nth-level) cluster of the tree using (2.3). Since each effective spin is the sign of the
magnetization of the next lower level cluster state, the sign of all effective spins
belonging to this lower level cluster must change according to

M, (1)
|M, (1)

where the subscript on the 7 indext is used to distinguish effective spins at different
levels and the quantity in square brackets is minus 1 if the n — 1 level magnetization
{denoted by M ) must change sign and plus 1 if not. Of course a cluster index should
also be present which we do not show. The next step is to update the set of clusters
(at the n—1 level) and their effective spins s; _ (¢} again using (2.3) followed by
application of {2.5) only with n>n—1 and n—1- n -2, This updating process is
continued down the tree and terminated after updating the individual spins belonging
to the lowest (first) level clusters in the network. The above process is then repeated
successively until the entire network becomes stable.

sj,,_,(t)»sfﬂ_!(t)[ s.,,(r+1)] (2.5)

3. Error propagation (static case)

The renormalization method can be used to analyse how errors (in the form of random
spin flips) introduced at one level, induce errors at subsequently higher levels. To be
more specific, the problem we address is the following. Given an n-level network
comprised of clusters storing p =2 states each, we ask what is the collective effect on
the network of starting with a particular stored network state, of which there are N,
choices and then flipping each spin (s;» —s;) with some given probabiiity. At the
moment, we only consider the static problem which does not include updating. In
response to the probabilistic flipping of first level spins, there will be some probability
P, that the sign of the magnetizations of the first level cluster states will change.
According to our renormalization approach, P, becomes the probability of flipping

t Here the first level spins are labelled as s, because the level index starts at m=1. When referring to
reference [1], beware of a change in notation where the level index starts with m =0 rather than 1.
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the cffective spins for clusters at the next higher level. For the general case we label
these probabilities at the mth level by PY.

The probability that the sign of a cluster state magnetization will change depends
on k and on the magnitude of the magnetization M of the stored states. The derivation
of this probability is given by equation {A3) in the appendix. As a specific example,
we plot in figure 2, with a full curve, P4} ™" against P\’ for the case k=15and M =7.
The curve has an ‘S” shape with three fixed point solutions to the equation Py *" = P§;,
namely 0, 1 and P.. The critical point at P,=0.5 marks the onset of a second-order
phase transition.
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Figure 2. The full curve indicates the dependence of the probability of spin flips for the
m+ 1 level cluster P4Y™*" on the spin flip probability of the m level cluster PYT for clusters
having k =15 spins and states constrained to M =7. The broken curve shows simulation
results for the probability of a perfect recatl Pr{ P’} from a k = 15 spin single ievel cluster
network storing p=2 states as a function of PY}’. The square boxes are second level
percentage recalled perfectly P’ simulation results from a two level, N = 225 spin network.

{rr)

Values of Py}’ below P. will give Py;™" values less than Py7’ and will lead,
therefore, to the containment of errors. In contrast, when P}’ is above P,, the error
propagation is unbounded, extending all the way wup the tree. This is a catastrophic
failure and is similar to that found for loaded fractal trees [8]. As an example, successive
iterations of equation (A3) using k=15 and M =7 takes P47’ =0.2 into P{7"" =0.088,
P72 =0.008, P4** =0.0000018 and rapidly approaches zero (i.e. the errors are
contained) as m increases. On the other hand, starting with P47’ = 0.6 the sequence
becomes PY7 V) =0.646, Pl =0.712, PiT+Y =0.805, PY'** =0.916 which tends to
a probability of one (i.e. the error propagates up the tree) as m increases.

For starting values of P,, less than P, the maximum number of levels invaded by
errars can be characterized by a propagation length L. The propagation length remains
finite for Py, less than P, but increases rapidly as P,; approaches P, from below and
can be described by a power law,

Loc(Po=Py)™" (3.1)
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having a critical exponent ». For the particular case with k =15 and M =7 the critical
exponent v has the value 7.075 28. Varying the values of X and M yield different values
of v, The details of calculating » are relegated to appendix B.

4. Error propagation (dynamic case)

So far, we have only considered the static problem of how the introduction of spin
flip perturbations at one level will change the configuration of spins at subsequently
higher levels. The dynamic problem of how the network responds during updating to
this static perturbation of spins is considered next. What we now address is the process
of pattern retrieval in the hierarchical model. The case considered below deals with
the probabilistic flipping of spins belonging to some nominal target pattern and should
be contrasted with the situation where a prescribed number of spins are flipped to
form a desired overlap with the target pattern. The former case is preferred here because
it preserves the scale invariance of the analysis. The latter is compatible with traditional
treatments of the content-addressability of stored patterns and is covered in the
discussion.

For the dynamic case we can again take advantage of the scale invariant properties
of the network. From the siatic analysis, we know how the ciuster states at each level
will be affected by an initial perturbation of first level cluster spins. If we know how
well an individual cluster can recall nominal target patierns as a function of the
probability that spins in the target pattern initially are flipped, then in principle, we
should be able to predict how the entire network recalls its stored patterns. The success
of this prediction rests on the degree to which a nearest-neighbour interaction approxi-
matioi \NN[A; is valid. In this coniext, tfiteractions are called nearest i‘lEiguuuL‘lf if
spins only interact with other spins belonging to the same cluster.

When the updating approach, such as the one described in section 2, makes multiple
passes through the network before reaching a stable configuration of spins, then the
nearest-neighbour interaction assumption is only approximate. A weak long-range
interaction can arise because of the multiple sweeps through the network. As lower

laval Aliictnr gtntas ara t1mdatnd tha cinn afthais mosnatizgatinm ann chaonee Thic imaliag
Vel CIUBLCT 314ilCs are uUpaaicq, the SiEN Ul tneir MdglivileatnGll vall Llidiige. 1113 uul.uu.a

that the state that an upper level cluster begins with on its next updating epoch is not
simply a function of its initial spin configuration and individual cluster recall probabil-
ity, but also depends on the recall performance of the lower level clusters. As we will
see, in spite of these long range interactions, predictions assuming the NNIA are
surprisingly accurate.

The first cten ig to gather data on how well an individual cluster ¢can recall nominal
A4 AW 11LO% Dt\dlj I L 5‘-‘.— 1wl ul.u.u 1 s l“““l VIIJJI-UI wikan aLa ll\.llllllll-ll

target patterns as a function of the probability that spins in the target pattern initially
are flipped. The broken curve in figure 2 shows the sirulation results for the probability
Pr( P} of realizing the perfect recall of a target pattern after perturbing each of the
k spins with probability equal to P}, In this simulation, the cluster had k=15 spins
and stored p =2 randomly selected state vectors, each with M =7. Including the two
conjugate stateg (ie. \r‘.(rh'_) —!c(”n there are then a total of four possible states that

can be recalled by thlS cluster. Because only two states are stored per cluster, the
problem of spurious states does not arise, therefore only stored states, or their conju-
gates, will occur.

Both curves in figure 2 can now be used to predict, in the NNIA, how the entire
network should behave dynamically in response to an initial static perturbation of



Hierarchical network and the renormalization group 2661

network spins. If we let P{™ be the percentage of mth level states recalled perfectly,
where an mth level state involves all effective spins at the mth level, then it is easy to
see that the general expression for P\ is given by

P =TT (Pr(P)<" " (4.1)
I=m

We can use (4.1) to estimate the probability of periectly recalling mth level states
for arbitrary hierarchical networks. As our first example, numerical simulations were
carried out on a two-level network having N =225 spins with a branching scale factor
of k=15, Each cluster stored p =2 states with M fixed at 7. This network can store
N, =2'° states. In figure 2 we show with arrow traces, the predicted second level
PP =Pr( P'Y) recall probability results for a two-level network assuming three different
starting spin flip probabilities P4/ =0.2, 0.4 and 0.6. These map into P%; =0.09, 0.35
and 0.65 probabilities respectively and when projected onto the broken curve, predict
the probabilities P =0.99, 0.63, 0.04 respectively, of perfectly recalling second-level
states. The small square boxes mark the corresponding P¥ =0.99, 0.59, 0.05 results
found during the numerical simulations of the above two-level network and show good
agreement.

Using (4.1), we can also predict the probability P." of a perfect recall in the
first-level state (i.e. network state). Explicitly, P{" is equal to (Pr(P))*- (Pr(P{))'
which evaluates to (0.93)"7: (0.99) =0.33, (0.51)"" - (0.63) = 0.0 and (0.09)"* - (0.04) =
0.0 when P\, =0.2, 0.4 and 0.6 respectively. Again, satisfactory agreement was found
with our simulation results which gave perfect recall values of 0.23, 0.0 and 0.0
respectively. The same two-level network only with M =3 instead of 7 was also
examined as well as a three-level network with k=35 and M =1 and 3. The predicted
and simulated results for these other networks are also in satisfactory agreement and

Table 1. Tabulated values of the percentage of stored states recalled perfectly for two level
{k=15with M =7, 3) and three level (k=35 with M =3, 1) networks as a function of the
first level spin flip probability PYY. The predicted results, assuming a nearest-neighbour
approximation {NNIA), and actual simulation recall data are shown. The P{™! values are
the percentage of mth level states recalled perfectly as defined in equation (4.1).

Percentage recalied perfectly

Predicted (NNILA) Simulated
Levels k M Py pi P P& P p» pi
2 15 7 0.2 033  0.99 023 099
0.4 0.0 0.63 0.0 0.59
0.6 0.0 0.04 0.0 0.05
3 0.2 0.25 081 027 089
0.4 0.0 0.40 0.0 0.45
0.6 0.0 0.13 0.0 0.10
3 5 3 005 025 094 1.0 013 090 1.0
0.1 004 077 099 003 070 099

0.2 0.0 0.35 0.90 0.0 0.33 0.91
t 0.05 0.07 0.26 0.62 0.07 0.39 0.63
0.1 0.0 0.07 0.46 0.02 0.17 0.47
0.2 0.0 0.01 0.35 0.0 0.06 0.40
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have been tabulated in table 1. All simulations predicted in table 1 were carried out
using the top-down updating procedure described in section 2 and involved roughly
200 simulations per data point,

5. Discussion

Through appropriate choices of k and M values in equation (A3), the spin flip
probability at the m + 1 level ¢can be made to be always less than the spin flip probability
at the mth level, provided the spin flip probability at the first level remains below its
critical value. When this condition is satisfied, the probability of recalling higher level
states improves with increasing m (i.e. P{"'<PU™" m=1,2...,n-1). The sig-
nificance of this in content-addressing applications is that even though some of the
bits have changed (i.e. ‘details” are lost) in the recailed network state, the ‘rough image’
of the original unperturbed state is preserved.

This ties in with what was called the ultametric rule in [1] which stated that higher
level states {or magnetization states as referred to in [1]) are more likely to be recalled
correctly over those at lower levels. In addition, referring to (4.1) it can be seen that
P{™ has a tendency to increase anyway, for increasing m, simply from the fact that it
depends on fewer clusters as m increases. Hence, even though we may be in a region
where PY7"" is greater than PY}’, the upper levels may still recall patterns better.

As a further check on the utility of the rG approach in predicting network recall
performance, we compared theoretical expectations with empirical data taken from
simulations presented in [1]. These simulations were intended to demonstrate how the
network’s associative recall ability, starting from perturbed nominal target patterns,
was dependent on the first level cluster size, second level cluster size and the magnitude
of the first level cluster state magnetization. For these particular network simulations,
the analysis had to take into account the different method of initially perturbing the
target patterns. In [1], the percentage of states recalled successfully was determined
as a function of the overlap between the starting state and some nominal target pattern,
whereas, in the simulations studied in section 4, the first level spins were each flipped
with some probability Py,

When the overlap is given, the number of first level spins that are flipped is also
known. This changes the expression for determining the probability that the sign of
the magnetization of the first level cluster state will change. In this case, the probability
is determined by summing P;{f "), as given by (Al), over f7, where the summation
range for /7 is the same as used in (A3). Expression (A3) is not used for the first leve!
clusters in this case since f is known from the initial overlap.

With the exception of the above change, the theoretical analysis of the hierarchies
in [1] followed the same procedures as outlined in the last two sections. The resulting
predictions of the content-addressability of stored patterns were in general accord with
the simulation results, We could satisfactorily predict observed recall behaviour as the
cluster branching size and magnetization were independently varied.

We have already mentioned that the updating approach described in section 2 and
used in all of the simulations presented in tabie 1 can lead to long range interactions
making the assumption of nearest-neighbour interactions only approximate. This is
also true for the method used in [1]. This need not, however, always be the case. By
updating from the top-down each cluster sequentially such that all clusters at a given
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level are stabilized before (2.5) is applied and then moving down to the next level, the
problem of long range interactions can be avoided.

In conclusion, we find that the globally complex hiearchical model is easy to analyse
because of its inherent scale invariant properties. For the examples studied here and
in [1], the nN1A appears to work well even when different updating methods are used.
The renormalization approach allows resulis obtained on individual Hopfield network
simulations to be used to predict global properties of the model and can be utilized

neimeingy afFantiva am b o anls
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Appendix A

We wish to find the probability that a cluster of size k and initial magnetization M
will go to a new magnetization M’ after flipping f spins at random, but never the same
spin twice. To evaluate this probability, we suppose that the cluster state contains
n"=(k+ M)/2 plus 1 spins and n~ = (k— M)/2 minus 1 spins (so that n*—n~= M)
and ask for the probability of finding f plus 1 spins and £~ ={(f—f") minus 1 spins
out of f random selections. This probability has been explicitly derived in [1], and
works out to be simply the hypergeometric distribution

)

(a)= a!
b/ bla—b)!

and it is assumed that b= a otherwise the binomial coefficient is defined to be zero.
Note that P,(f7) is also the probability that given f* spins and f selections, the
magnetization goes from M =n"—n" to M’ where,

M'=(n"=fT+fT)=(n" = fT+fT) =M =202 "~ f). (A2}

If we sum P, (f") over all f* greater than (f/2+M/4), but less than f, and then
multiply by the probability of getting exactly f spins flipped out of k, given that the
probability of flipping one spin is PY;’, and finally summing over all spins within the
cluster, we will get the probability of changing the sign of the cluster magnetization
PSTV. Explicitly written out this becomes,

_ i i/”+\/k_n (PM\ (1 1)rk ) (A3)
N AVAAVETAY/
where the sum overf begins at the next integer greater than (f/2+ M/4). In the
g

event that this evaluates to greater than f then the contribution to the sum for this
value of f is zero.

where

-.!m#»l\

Appendix B

The calculation of » depends on the renormalization scale factor and on the probability
of changing the cluster state magnetization. For our case, the renormalized propagation
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length obeys,

L(PYy™ ) =— L(Py) (B1)

= -

where k is the scaling factor and Py is the probability of changing the cluster
magnetization at the m+1 level defined in (A3). Once k and PY'™" are established,
the computation of » is straightforward. Following Kogut and Wilson [4], when P,,
is close to P. we can expand about P, with a linear approximation,

PE‘\Z’+1)2PC_’\(PC_P€'\'/;’Q)) (Bz)
from which A is then given by
PC_PS‘T-H]
A=—r—— (B3)
P.- P

and » follows from » =In{k)/In{A). For k=15 and M =7, we obtain using (B3) and
{A3) A=1.46630 from which v=7.07528.
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